We consider the set of real zero diagonal symmetric matrices whose underlying graph, if not told otherwise, is bipartite. Then we establish relations between the eigenvalues of such matrices and those arising from their bipartite complement. Some accounts on interval matrices are provided. We also provide a partial answer to the still open problem posed in (Zhan in SIAM J. Matrix Anal. Appl. 27:851-860, 2006). Primary 15A18 ; secondary 15A42; 05C50
Introduction
In this paper, we consider the eigenvalues of a real symmetric matrix of order n ≥ 2 with zero diagonal. The set of such matrices is denoted by M n , that is, M n = A = (a ij ) ∈ R n×n : a ij = a ji , a ii = 0 .
By G(A) we denote the underlying graph of A ∈ M n , that is, it is a simple graph (without loops or multiple edges) whose vertices correspond to rows (or columns) of A with two vertices v i and v j adjacent whenever the (i, j)th entry of A is nonzero. Let
We will frequently exploit the well-known Courant-Weyl inequalities (see, e.g., [2, p. 239] ). The rest of the paper is organized as follows. In Sect. 2, we introduce the concept of a bipartite complement of a real symmetric matrix with zero diagonal whose underlying graph is bipartite, and then we show that the odd-indexed eigenvalues of the initial matrix interlace the even-indexed eigenvalues of its bipartite complement (and vice versa). In this section, we also show that the bounds on the second largest eigenvalue of matrices in M n whose off-diagonal entries are in the (closed) interval [0, 1], as given in [3] , can be significantly improved in the case where the underlying graph of a matrix in question is bipartite. Also, we extend these results (i.e., bounds) in several directions. First, we prove that these bounds hold for all matrices in M n , not only for those with a ij ∈ [0, 1]; second, we prove that similar bounds hold for the other eigenvalues (not only for the second largest one). We also deduce, in the nonbipartite case, similar properties for a real symmetric matrix with zero diagonal with respect to its complement. In Sect. 3, we focus on matrices whose underlying graphs are bipartite and all nonzero entries are in a given interval. We provide both upper and lower bounds on the largest eigenvalue of these matrices. If the corresponding matrices are nonnegative, then we also provide upper and lower bounds on the second largest eigenvalue. Here we give a partial answer to the problem posed in [4] , that is, we determine extremal values for the second largest eigenvalue of a real symmetric matrix whose entries lie in a nonnegative interval.
Matrices with bipartite underlying graph
Let A ∈ B n and assume that G(A) has two color classes of sizes p and q. We write B p,q , p + q = n, p, q > 0, if p and q are relevant further on. Then A ∈ B p,q with suitable (and simultaneous) permutation of rows and columns has the following form:
with B ∈ R p×q . The bipartite complement of A (with respect to the above form) is the 
, and let A b be its bipartite complement. If
and
Hence
. Since the underlying graph of A b is bipartite, its spectrum is symmetric with respect to the origin, which implies -λ 2-j+n (
So, we obtain
For j = n, we obtain the second inequality in (2.3). From (2.5), for j ≥ 2, we can also obtain
In particular, for j = 2, we obtain the first inequality in (2.3). 
The last condition is equivalent to (2.7). We now prove that implies that all entries of y must be either strictly positive or strictly negative. Hence their sum cannot be equal to 0 as expected (see (2.7)). A similar argument holds for z, and we arrive at a contradiction. Suppose now that there exists a nonzero vector x such that A b x = λ n (A b )x and (2.7)
the eigenvalue of A, and we only need to prove that it is not equal to λ 1 (A). Since (2.7) holds, x cannot be a Perron vector, because all entries of a Perron vector can be taken to be nonnegative. This completes the proof. 
Remark 2.1 By applying Courant-Weyl inequalities to the largest eigenvalue of
where 
and We conclude this section with the following result.
If A is a matrix with all entries in [0, 1] and if G((A(K
2 ) ⊗ A) b ) is disconnected, then λ 2 (A) = λ 1 A c -1(
Proposition 2.4 Let A = O B B t O
∈ B p,q be an irreducible nonnegative matrix such that the matrix B has the fixed row (column) sum equal to r (resp., s). Then σ (A), the spectrum of A, is
Proof Since the matrices A and A(K p,q ) are symmetric and commute, they can be simultaneously diagonalized by, for example, matrix P, that is,
The matrix A(K p,q ) has three distinct eigenvalues, namely √ pq, 0, -√ pq with multiplicities 1, p + q -2, 1, respectively. Also, λ 1 (A) = √ λ 1 (BB t ) = √ rs, since BB t has the constant row sum equal to rs. Now the result directly follows.
Interval matrices
By an interval matrix we assume a matrix whose all entries lie in some interval, say (closed) interval [a, b] (-∞ < a < b < +∞). Its diagonal entries in general need not be equal to 0. Let S n [a, b] denote the set of all symmetric interval matrices over the interval [a, b] . In [4] the range of extremal eigenvalues of a real symmetric interval matrix was considered.
Here we consider the set of symmetric matrices whose all nonzero entries lie in the interval [a, b] and whose underlying graphs are bipartite with bipartition U ∪ V , where 
Next, we apply the following results to B t B. 
• If 0 < a < b, then λ 1 (A) ≥ na with equality if and only if A = aJ n .
• If a ≤ 0 < b, then λ 1 (A) ≥ a with equality if and only if A = aI n .
According to the intervals where entries of B t B belong to, we distinguish the following cases: Next, we provide an upper bound for the second largest eigenvalue of a nonnegative matrix with entries in a given interval. 
